Abstract: In this paper, we prove the algebraic K-theory Novikov conjecture for group algebras over the ring of Schatten class operators. The main technical tool in the proof is an explicit construction of the Connes-Chern character.
Introduction
Let Γ be a group and R be an H-unital ring. Let RΓ be the group algebra of the group Γ over the ring R. The isomorphism conjecture of Farrell-Jones states that the following assembly map is an isomorphism:
A : H OrΓ n R = Z if the homology groups of Γ are finitely generated.
The main purpose of this paper is to prove the (rational) injectivity part of the algebraic K-theory isomorphism conjecture for group algebras over the ring of Schatten class operators. As a consequence, we obtain the algebraic K-theory Novikov conjecture for group algebras over the ring of Schatten class operators. The motivation for considering group algebras over the ring of Schatten class operators comes from the deep work of Connes-Moscovici on higher index theory of elliptic operators and its applications to the Novikov conjecture [CM] . In Connes-Moscovici's higher index theory, the K-theory of the group algebra over the ring of Schatten class operators serves as the receptacle for the higher index of an elliptic operator.
For the convenience of readers we recall that, for any p ≥ 1, an operator T on an infinite dimensional and separable Hilbert space H is said to be Schatten p-class if tr((T * T ) p/2 ) < ∞, where tr is the standard trace defined by tr(P ) = n < P e n , e n > for any bounded operator P acting on H and an orthonormal basis {e n } n of H (tr(P ) is independent of the choice of the orthonormal basis). Let S p be the ring of all Schatten p-class operators on an infinite dimensional and separable Hilbert space. We define the ring S of all Schatten class operators to be ∪ p≥1 S p .
The following theorem is the main result of this paper.
Theorem 1.1. Let S be the ring of all Schatten class operators on an infinite dimensional and separable Hilbert space. The assembly map
is rationally injective for any group Γ, where SΓ is the group algebra of the group Γ over the ring S.
As a consequence, we obtain the algebraic K-theoretic Novikov conjecture for the group algebra SΓ.
The main technical tool in the proof of Theorem 1.1 is an explicit construction of a Connes-Chern character using an equivariant cyclic simplicial homology theory. As a consequence of this explicit construction, we obtain a local property of the Connes-Chern character. This local property of the Connes-Chern character plays an important role in the proof.
This paper is organized as follows. In Section 2, we collect a few preliminary results which will be used later in the paper. In Section 3, we reduce our main theorem to the case of lower algebraic K-theory. In Section 4, we introduce a cyclic simplicial homology theory to construct a Connes-Chern character. The
Connes-Chern character plays a crucial role in the proof of the main theorem.
We use the explicit construction of the Connes-Chern character to prove an important local property of the Connes-Chern character for K-theory elements with small propagation. In Section 5, we prove the main theorem of this paper.
The author wishes to thank Alain Connes, Max Karoubi, Xiang Tang, Andreas Thom, Shmuel Weinberger, and Rufus Willett for inspiring discussions and very helpful comments.
Preliminaries
In this section, we collect a few concepts and results useful for this paper.
Let R be a ring and let R + be the unital ring obtained from R by adjoining a unit. The ring R is defined to be H-unital if T or R + i (Z, Z) = 0 for all i. The importance of H-unitality is that it guarantees excision in algebraic K-theory [SW] .
If R is a Q-algebra and R + Q is the unital Q-algebra obtained from R with the unit adjoined, then R is H-unital if and only if T or
The following result follows from [W1] and Theorem 8.2.1 of [CT] .
Theorem 2.1. S is H-unital.
By Theorem 7.10 in [SW] , we have:
As a consequence, we obtain that SΓ is H-unital.
Recall that a ring R is called K inf n -regular if the natural map:
is an isomorphism for each m ≥ 1. We say that R is
The following result is a special case of Theorem 6.5.3 in [CT] .
The following result follows from the proof of Proposition 2.14 in [LR] .
Proposition 2.4. If R is K inf -regular, then the natural map:
is an isomorphism, where F IN is the family of finite subgroups of Γ and
The above proposition implies that the isomorphism conjecture for the ring S is equivalent to the statement that the assembly map:
A : H OrΓ n 3 Reduction to the lower algebraic K-theory case
In this section, we prove the following reduction result.
Proposition 3.1. Theorem 1.1 follows from the following special case of the theorem for lower algebraic K-theory: i.e. the assembly map
is rationally injective for n ≤ 0.
Proof. By Proposition 7.2.3, Remark 7.2.6 and Theorem 8.2.5 in [CT] , we have K n (S) = Z when n is even and K n (S) = 0 when n is odd. It follows that
By definition, the assembly map:
is an isomorphism and it maps the generator z of H −2 (pt, K(S) −∞ ) to the Bott element of K −2 (S) (denoted by b). For any positive integer k, we can use the product operation to construct the Bott element b k in K −2k (S) , where the product is defined using a natural (injective) homomorphism S ⊗ S → S induced by the homomorphism S(H) ⊗ S(H) → S(H ⊗ H) and the isomor- When n = 2k, we have the following commutative diagram:
where the vertical product maps are well defined with the help of a natural homomorphism S ⊗ S → S and Theorems 2.1 and 2.2. By Theorems 8.2.5 and 6.5.3 in [CT] and Theorem 8.3 (the Bott periodicity) in [Cu2] , we know that the Bott element b k is a generator of K −2k (S) . It follows that the product map
is an isomorphism for every integer i. This implies that the product map
is an isomorphism by using the fact that both homology theories
sequence and a five lemma argument.
When n = 2k + 1, we have the following commutative diagram:
, where the vertical product maps are well defined with the help of a natural homomorphism S ⊗ S → S and Theorems 2.1 and 2.2. By the same argument as in the even case, we know that the product map
is an isomorphism for every integer i. This fact, together with a standard Mayer-Vietoris sequence and five lemma argument, implies that the product map
is an isomorphism. Now Proposition 3.1 follows from the above commutative diagrams and the fact that the left vertical maps in the diagrams are isomorphisms.
4 Cyclic simplicial homology theory and the
Connes-Chern character
In this section, we introduce an equivariant cyclic simplicial homology theory to construct the Connes-Chern character for K n (SΓ) when n ≤ 0. The ConnesChern character is a key tool in the proof of the main theorem. We use this explicit construction to prove an important local property of the Connes-Chern character for K-theory elements with small propagation. This local property will be useful in the proof of the main theorem.
Let X be a simplicial complex. Let σ be a simplex of X. A locally finite k-chain on X is a formal sum
where
(1) the summation is taken over all orderings
are opposite orientations of the same simplex; (3) for any compact subset K of X, there are at most finitely many ordered
Let C k (X) be the abelian group of all locally finite k-chains on X.
be the standard simplicial boundary map. We define the locally finite simplicial homology group:
If X has a proper simplicial action of Γ, let C Γ k (X) ⊂ C k (X) be the abelian group consisting of all Γ-invariant locally finite k-chains on X.
be the restriction of the standard simplicial boundary map. We define the locally finite Γ-equivariant simplicial homology group:
Without loss of generality, we can assume that Γ is a countable group (this is because every group is an inductive limit of countable groups). We endow Γ with a proper left invariant length metric (here properness simply means that every ball with finite radius has finitely many elements). We remark that such a proper length metric always exists for any countable group. For each d ≥ 0, the Rips complex P d (Γ) is the simplicial complex with Γ as its vertex set and where a finite subset
To motivate the general construction of the Connes-Chern character, we shall first consider the special case when Γ is torsion free.
Let A(Γ, S) be the algebra of all kernels
(3) The product in A(Γ, S) is defined by:
We identify SΓ with A(Γ, S) by the isomorphism:
where s g ∈ S for each g ∈ Γ. For each p ≥ 1, we can naturally identify S p Γ with A(Γ, S p ), where A(Γ, S p ) is defined by replacing S with S p in the above definition of A(Γ, S).
We shall first define the Connes-Chern character for a countable torsion
by:
where
, and the summation is taken over all orderings (
Proposition 4.1. Let Γ be a countable torsion free group. The Connes-Chern character c is a well defined homomorphism from
Proof. We first observe that c([q]−[q 0 ]) is Γ-invariant by using the Γ-invariance of q.
For each even n, we shall prove that
We leave to the reader the proof that the homology class of
By the assumption thatq and q 0 are idempotents, we have
It follows that
Using the definition of lower algebraic K-theory, we can similarly define the Connes-Chern character:
for each i < 0.
Next we extend the construction of the Connes-Chern character to the S p case for p ≥ 1 when Γ is torsion free:
We need to introduce an equivariant cyclic simplicial homology group to define the Connes-Chern character.
to be an ordered finite sequence of vertices in a simplex of X, where v i is allowed to be equal to v j for some distinct pair of i and j.
Recall that the following permutation is called a cyclic permutation
We define two ordered simplices (v 0 , · · · , v k ) and (v A locally finite cyclic k-chain on X is a formal sum
where
(1) the summation is taken over all ordered simplices (v 0 , · · · , v k ) of X and
(3) for any compact subset K of X, there are at most finitely many ordered
Let C λ k (X) be the abelian group of all locally finite cyclic k-chains on X. Let
be the standard boundary map.
We define the cyclic simplicial homology group:
If X has a simplicial proper action of a group Γ, we can define C λ,Γ k (X) ⊆ C λ k (X) to be the subspace of all Γ-invariant locally finite cyclic k-chains on X.
Let
be the restriction of the standard boundary map.
We define the Γ-equivariant cyclic simplicial homology group H λ,Γ n (X) by:
The following result computes the Γ-equivariant cyclic simplicial homology group in terms of the Γ-equivariant simplicial homology groups.
Proposition 4.2. Let Γ be a group. Let X be a simplicial complex with a proper simplicial action of Γ. We have
We have
We denote the restriction of ∂
We define a new homology group:
By a standard Mayer-Vietoris and five lemma argument, it is not difficult to prove that the natural map from H
There is a natural chain map
induced by the map: Similarly we can construct a chain map
Using the above chain maps, we construct a chain map:
The above chain map induces an isomorphism on the homology groups since both homology theories satisfy the Mayer-Vietoris sequence and the chain map induces an isomorphism at the homology level if X = Γ/F as Γ-spaces for some finite subgroup F of Γ.
We now define the Connes-Chern character for a countable torsion free
where Γ is endowed with a proper length metric.
Letq be an idempotent in M m ((S p Γ) + ) andq = q + q 0 for some q ∈ M m (S p Γ) and idempotent q 0 ∈ M m (C). We identify q with an element in Let n be an even integer satisfying n ≥ p and n ≥ dim(P d (Γ)), where
the Rips complex.
The Connes-Chern character of [q] − [q 0 ] is defined to be homology class of
where the summation is taken over all ordered n-simplices (x 0 , · · · , x n ) of
We remark that the choice of n guarantees that the trace in the above definition of the Connes-Chern character is finite.
By Proposition 4.2, the above Connes-Chern character induces a ConnesChern character:
Proposition 4.3. Let Γ be a countable torsion free group. The Connes-Chern character c is a well defined homomorphism from K 0 (S p Γ) to
The proof of the above proposition is similar to the proof of Proposition 4.1 and is therefore omitted. Note that when p = 1, the above definition of the Connes-Chern character coincides with the prior definition of the ConnesChern character.
Next we shall construct the Connes-Chern character for a general group Γ.
Let Γ f in be the set of all elements with finite order in Γ. The group Γ acts on Γ f in by conjugations:
for all γ ∈ Γ and x ∈ Γ f in .
Let X be a simplicial complex with a proper simplicial action of Γ. Equip the vertex set V (X) of X with a Γ-invariant proper pseudo metric d V . Let Γ act on Γ f in × X diagonally.
Let r ≥ 0. For each g ∈ Γ f in , we define X g,r to be the simplicial subcomplex
For each ordered simplex (v 0 , ..., v k ) of X g,r , we define the following transformation to be a g-cyclic permutation
We define two ordered simplices We define C λ k,r (X) to be the abelian group of all locally finite k-chains:
(1) the second summation is taken over all ordered simplices (v 0 , · · · , v k ) of X g,r and c (v 0 ,··· ,v k ),g ∈ C;
(3) for each g ∈ Γ f in and any compact subset K of X, there are at most finitely
The diagonal action of Γ on Γ f in ×X induces a natural Γ-action on C λ k,r (X). Let C λ,Γ k,r (X) ⊆ C λ k,r (X) be the abelian group consisting of all Γ-invariant kchains in C λ k,r (X). We have a natural boundary map:
We define the following equivariant homology theory by:
When Γ is torsion free, Γ f in consists of the identity element and we have
For each r ≥ 0, letX r be the simplical subspace of Γ f in × X defined by:
The diagonal action of Γ on Γ f in × X induces a natural Γ-action onX r .
We define
The following result computes our new equivariant homology theory of the Rips complex in terms of the (locally finite) equivariant simplicial homology theory.
Proposition 4.4. Let Γ be a countable group with a proper length metric. We
Proof. Let X be a simplicial complex with a proper and cocompact action of Γ. We define an equivalence relation ∼ on the chain group C λ,Γ k,r (X) as follows. Two chains z and z ′ in C λ,Γ k,r (X) are said to be equivalent if
and for each 0 ≤ i ≤ k there exists an integer j such that v
n,r (X) to be the n-th homology group of C λ,Γ k,r (X). The quotient chain map φ from C λ,Γ k,r (X) to C λ,Γ k,r (X) induces a homomorphism
We observe that the cocompactness of the Γ action on X implies that, for each r ≥ 0, there exists N > 0 such that if g ∈ Γ f in and X g,r is nonempty, then the order of the group element g is bounded by N. As a consequence, for any d ≥ 0 and r ≥ 0, there exist d ′ ≥ d and r ′ ≥ r such that, for any g ∈ Γ f in and any simplex in (P d (Γ)) g,r with vertices {v 0 , · · · , v k }, the simplex with
This implies that φ is a chain homotopy equivalence from the chain complex
, where n g is the order of the group element g. It follows that the homomorphism φ * is an isomorphism from
Two vertices v and v ′ of X g,r are defined to be equivalent if v = g j v ′ for some j. We denote the equivalence class of v by [v] .
We defineX g,r to be the simplicial complex consisting of simplices
By an argument similar to the proof of Proposition 4.2, we have the following isomorphism:
Finally we observe that the natural homomorphism
is an isomorphism.
Let Γ be a countable group with a proper length metric. Let X be a simplicial complex with a proper and cocompact action of Γ. LetX be the subspace of Γ f in × X defined by:
The diagonal action of Γ on Γ f in × X induces a natural Γ-action onX. Note thatX is a simplicial complex with a simplicial action of Γ.
We remark that H Γ k (X) is the equivariant homology theory of BaumConnes [BC2] .
Proposition 4.5. Let Γ be a countable group with a proper length metric. We
Proof. Let X be a simplicial complex with a proper and cocompact action of Γ. For each finite subset F ⊂ Γ f in , let
For each g ∈ Γ f in and r ≥ 0, we defineX g,r to be the simplicial subcomplex of X consisting of simplices with vertices
We let
We have an inclusion map
The map i induces a homomorphism
By the definition of(P d (Γ)) F,r , for each d ≥ 0 and r ≥ 0, there exists c > 0 such that, for every point (g, x) in(P d (Γ)) F,r , x is within distance c from a fixed point of g. It follows that, for each d ≥ 0 and r ≥ 0, there exist d
and a continuous map
such that if we write ψ(g, x) = (g, ψ ′ (x)), then we have
where d is the restriction of the simplicial metric on P d (Γ).
The map ψ induces a homomorphism
Using linear homotopies, it is not difficult to check that i * and ψ * are inverses to each other.
We are now ready to define the Connes-Chern character for a general group Γ:
It suffices for us to define 
where the summation (x 0 ,··· ,xn) is taken over all ordered n-simplices of (
By Propositions 4.4 and 4.5, the above Connes-Chern character induces a Connes-Chern character:
The proof of the following proposition is similar to the proof of Proposition 4.1 and is therefore omitted.
Proposition 4.6. Let Γ be a countable group. The Connes-Chern character c is a well defined homomorphism from
Using the definition of lower algebraic K-theory, for each p ≥ 1, we can similarly define
Finally, with the help of the equality S = ∪ p≥1 S p , we obtain a Connes-
Notice that when Γ is torsion free, Γ f in consists only of the identity element and the above definition coincides with the prior definition for the torsion free case.
In the rest of this section, we study a local property of the Connes-Chern character for K-theory elements with small propagations. This local property will play an important role in the proof of the main theorem of this paper.
We shall need a few preparations to explain the concept of propagation in a continuous setting. Let X be a Γ-invariant simplicial subspace of P d 0 (Γ) for some d 0 ≥ 0. Endow P d 0 (Γ) with a metric d such that its restriction to each simplex is the standard metric and
, where d Γ is the proper length metric on Γ. Let X be given the simplicial metric of P d 0 (Γ). Let H be a Hilbert space with a Γ-action and let φ be a * -homomorphism from C 0 (X) to B(H) which is covariant in the sense
The following definition is due to John Roe [Roe] .
Definition 4.7. Let H be a Hilbert space and let φ be a * -homomorphism from C 0 (X) to B(H), the C * -algebra of all bounded operators on H. Let T be a bounded linear operator acting on H.
(1) The support of T is defined to be the complement (in X × X) of the set of all points (x, y) ∈ X × X for which there exists f ∈ C 0 (X) and
and f (x) = 0 and g(y) = 0;
(2) The propagation of T is defined to be:
are Schatten p-class operators for each f ∈ C c (X), the algebra of all compactly supported continuous functions on X.
Definition 4.8. We define the covariant system (C 0 (X), Γ, φ) to be admissible if (1) the Γ-action on X is proper and cocompact;
(2) φ is nondegenerate in the sense that φ(C 0 (X))H is dense in H;
(4) for each x ∈ X, the action of the stabilizer group Γ x on H is regular in the sense that it is isomorphic to the action of Γ x on l 2 (Γ x )⊗W for some infinite dimensional Hilbert space W , where the Γ x action on l 2 (Γ x ) is regular and the Γ x action on W is trivial.
We remark that condition (4) in the above definition is unnecessary if Γ acts on X freely. In particular, if M is a compact manifold and Γ = π 1 (M),
is an admissible covariant system, where M is the universal cover of M and φ(f )ξ = f ξ for each f ∈ C 0 ( M) and all ξ ∈ L 2 ( M ). In general, for each locally compact metric space with a proper and cocompact isometric action of Γ, there exists an admissible covariant system (C 0 (X), Γ, φ).
Definition 4.9. For any p ≥ 1, let (C 0 (X), Γ, φ) be an admissible covariant system. We define C p (Γ, X, H) to be the ring of Γ-invariant locally Schatten p-class operators acting on H with finite propagation.
The proof of the following useful result is straightforward and is therefore omitted.
Proposition 4.10. Let Γ be a countable group. Let X be a simplicial complex with a simplicial proper and cocompact action of Γ. If (C 0 (X), Γ, φ) is an admissible covariant system, then the ring C p (Γ, X, H) is isomorphic to the ring S p Γ.
For each r > 0, let X r be a Γ-invariant discrete subset of X such that
(1) X r has bounded geometry, i.e. for each R > 0, there exists N > 0 such that any ball in X r with radius R has at most N elements;
(2) X r is r-dense in X, i.e. d(x, X r ) < r for every x ∈ X;
(3) X r is uniformly discrete, i.e. there exists k r > 0 such that d(z, z ′ ) ≥ k r for all distinct pairs of elements z and z ′ in X r .
Let {U z } z∈Xr be a Γ-equivariant disjoint Borel cover of X such that z ∈ U z and diameter(U z ) < r for all z. Let χ z be the characteristic function of U z .
Extend the * -representation φ to the algebra of all bounded Borel functions.
If k ∈ C p (Γ, X, H), let k(x, y) = φ(χ x )kφ(χ y ) for all x and y in X r .
For any r > 0, let U ′ z be the 10r-neighborhood of U z for each z ∈ X r , i.e.
is an open cover of X. Let N(O r (X)) be the nerve space of the open cover O r (X). We equip the vertex set V of the simplicial complex N(O r (X)) with the pseudo metric d V defined by:
for any pair of vertices W and
We define the Connes-Chern character
as follows.
Letq be an idempotent in M m (C p (Γ, X, H)) + ) andq = q + q 0 for some q ∈ M m (C p (Γ, X, H)) and idempotent q 0 ∈ M m (C). Let r be the propagation of q. Let n be an even integer satisfying n ≥ p and n ≥ dim(N(O r (X))).
, where, for each g and r, (x 0 , · · · , x n ) denotes the ordered simplex (U
, and the summation (x 0 ,··· ,xn) in the above formula is taken over all ordered simplices in (N(O r (X))) g,r .
The following proposition follows from the above definition and the proof of Proposition 4.1.
Proposition 4.11. Let Γ be a countable group. Let X be a simplicial complex with a simplicial proper and cocompact action of Γ. For each r > 0, let n be an even integer satisfying n ≥ p and n ≥ dim(N(O r (X))). If (C 0 (X), Γ, φ) is an admissible covariant system, then the Connes-Chern character of an element in K 0 (C p (Γ, X, H)) with propagation less than or equal to r > 0 is a homology
We identify K 0 (S p Γ) with lim d→∞ lim X K 0 (C p (Γ, X, H)) using Proposition 4.10, where the direct limit lim X is taken over the directed system of all Γ-invariant, Γ-compact subsets of P d (Γ). We also identify Corollary 4.12. Let Γ be a countable group. Let X be a simplicial complex with a simplicial proper and cocompact action of Γ. Letq = q + q 0 be an Assume that r is a sufficiently small positive number for the rest of this proof. We have r 0 > 0. We choose {U z } z∈Xr such that {U 
Proof of the main result
In this section, we give a proof of Theorem 1.1.
By Proposition 2.4, Theorem 1.1 follows from the following result.
Theorem 5.1. Let S be the ring of all Schatten class operators on an infinite dimensional and separable Hilbert space. The assembly map
is rationally injective for any group Γ.
Proof. Without loss of generality, we can assume that Γ is countable (this is because every group is an inductive limit of countable groups). We recall that
with the Connes-Chern character
we obtain a homomorphism
Let C(Γ, X, H) = ∪ p≥1 C p (Γ, can be represented by elements with arbitrarily small propagation for i ≤ 0.
This, together with Corollary 4.12, implies that there exists a map (still denoted by ψ i )
for each non-positive integer i such that the following diagram commutes:
, where i and j are respectively the inclusion maps.
If X = Γ/F as Γ-spaces for some finite subgroup F of Γ, then it is straightforward to verify that ψ i is an isomorphism after tensoring with C. In fact, both sides are naturally isomorphic to the group R(F ) ⊗ C, where R(F ) is the representation ring of F viewed as an additive group. Recall that, by Proposition 7.2.3, Remark 7.2.6 and Theorem 8.2.5 in [CT] , we have K n (S) = Z when n is even and K n (S) = 0 when n is odd. As a consequence, the homol- is an isomorphism after tensoring with C for i ≤ 0. This implies that the assembly map A is rationally injective for i ≤ 0. Now Theorem 5.1 follows from Proposition 3.1.
We comment that the algebraic K-theory isomorphism conjecture for the ring SΓ can be viewed as an algebraic counterpart of the Baum-Connes conjecture for the K-theory of the reduced group C * -algebra of Γ [BC1] . The
Farrell-Jones isomorphism conjecture and the Baum-Connes conjecture imply the following conjecture.
Conjecture 5.1. Let K be the C * -algebra of all compact operators on an infinite dimensional and separable Hilbert space, let C * r (Γ) be the reduced group C * -algebra of Γ. The natural homomorphism
is an isomorphism, where C * r (Γ) ⊗ K is the C * -algebraic tensor product of C * r (Γ) with K and i is the inclusion map from SΓ to C * r (Γ) ⊗ K.
We remark that, by a theorem of Suslin-Wodzicki [SW] , the algebraic Ktheory K n (C * r (Γ) ⊗ K) is isomorphic to the topological K-theory K top n (C * r (Γ)). Theorem 1.1 implies that the Novikov higher signature conjecture follows from the (rational) injectivity of i * in the above conjecture. 
